9.4 NORTON’'S THEOREM

In Section 8.3, we learned that every voltage source with a series internal
resistance has a current source equivalent. The current source equivalent
can be determined by Norton’s theorem (Fig. 9.58). It can also be found
through the conversions of Section 8.3.

The theorem states the following:

Any two-terminal linear bilateral dec network can be replaced by an
equivalent circuit consisting of a current source and a parallel
resistor, as shown in Fig. 9.59.
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FIG. 9.59
Norton equivalent circuit.



The discussion of Thévenin’s theorem with respect to the equivalent
circuit can also be applied to the Norton equivalent circuit. The steps
leading to the proper values of I, and R,, are now listed.

Norton’s Theorem Procedure

Preliminary:

I. Remove that portion of the network across which the Norton
equivalent circuit is found.
2. Mark the terminals of the remaining two-terminal network.

R _Iil"l' :

3. Calculate Ry by first setting all sources to Zero (voltage sources are
replaced with short circuits, and current sources with open
circuits) and then finding the resultant resistance between the two



marked terminals. (If the internal resistance of the voltage and/or
current sources is included in the original network, it must remain
when the sources are set to zero.) Since Ry, = R, the procedure
and value obtained using the approach described for Thévenin’s
theorem will determine the proper value of R,

Iy:

4. Calculate I, by first returning all sources to their original position
and then finding the short-circuit current between the marked
terminals. It is the same current that would be measured by an

ammeter placed between the marked terminals.

Conclusion:

5. Draw the Norton equivalent circuit with the portion of the circuit
previously removed replaced between the terminals of the
equivalent circuit.



The Norton and Thévenin equivalent circuits can also be found from
each other by using the source transformation discussed earlier in this
chapter and reproduced in Fig. 9.60.

— A ° .
R = Ry
+ .
— # Th
= ® L &
FIG. 9.60

Converting between Thévenin and Norton equivalent circuits.



EXAMPLE 9.11 Find the Norton equivalent circuit for the network in
the shaded area in Fig. 9.61.

R
Solution: Wy
30
Steps 1 and 2: See Fig. 9.62. -
E==9V

Step 3: See Fig. 9.63, and -

(3(1)(6{1):]8&1:1& =
30+ 60 9 -

Step 4: See Fig. 9.64, which clearly indicates that the short-circuit con-
nection between terminals a and b 1s in parallel with R, and eliminates its

effect. I 1s therefore the same as through R, and the full battery voltage
appears across R; since

V,=LR,=(0)6Q =0V

Ry=R,|R, =30Q[60Q=

Therefore,
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FIG. 9.62

Identifving the terminals of particular interest for the
network in Fig. 9.61.
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FIG. 9.63

Determining Ry, for the network in Fig. 9.62.
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FIG. 9.64
Determining Iy for the network in Fig. 9.62.
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FIG. 9.65

Substituting the Norton equivalent circuit for the
network external to the resistor R; in Fig. 9.61.
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FIG. 9.66
Converting the Norton equivalent circuif in Fig. 9.65 to a Thévenin
equivalent circuil.



EXAMPLE 9.12 Find the Norton equivalent circuit for the network ex-
ternal to the 9 () resistor in Fig. 9.67.

R
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FIG. 9.67
Example 9.12.
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FIG. 9.67 FIG. 9.68 FIG. 9.69
Example 9.12. Identifving the terminals of Determining Ry for the network in
particular interest for the network in Fig. 9.68.
Fig. 9.67.

Ryv=R +R,=50+40=9(Q
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FIG. 9.71
FIG. 9.70 Substituting the Norton equivalent circuit for the
Determining I, for the network in Fig. 9.68. network external to the resistor R; in Fig. 9.67.

Step 4: As shown in Fig. 9.70, the Norton current is the same as the cur-
rent through the 4 () resistor. Applying the current divider rule.

R, 5Q)(10 A 5
PR _ GO) _): 0A _ccen
R, + R, 50+ 40 9




EXAMPLE 9.13 (Two sources) Find the Norton equivalent circuit for
the portion of the network to the left of a-b in Fig. 9.72.

a
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FIG. 9.72
Example 9.13.
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FIG. 9.73

Identifving the terminals of particular interest for the

network in Fig. 9.72. L
’ (49)69) 240

40+60 10

Ry =R/ R, =40Q]6Q= =240
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Short circuited a

FIG. 9.75
Determining the contribution to Iy from the voltage
source E,.
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FIG. 9.76
Determining the contribution to 1, from the current
source I.

Step 4: (Using superposition) For the 7 V battery (Fig. 9.73),

E, TV
— = =1.75A

I'y=—=—r
YR 40

For the 8 A source (Fig. 9.76), we find that both R, and R, have been
“short circuited” by the direct connection between a and b, and

I'v=1=8A
The result is

Iy=Iy—Iy=8A—175A =625A

[
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FIG. 9.77
Substituting the Norton equivalent circuit for the network to the left of
terminals a-b in Fig. 9.72.
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FIG. 9.77

Substituting the Norton equivalent circuit for the network to the left of
terminals a-b in Fig. 9.72.



Using Norton’s theorem, find Ry and I of the circuit in Fig. 4.43 at
terminals a-b.

4 Q2 C_va
o b

Figure 4.43
For Example 4.12.
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Figure 4.43

For Example 4.12.
To find R,. we set the independent voltage source equal to zero and
connect a voltage source of v, = 1 V (or any unspecified voltage v,)
to the terminals. We obtain the circuit in Fig. 4.44(a). We ignore the
4-() resistor because it is short-circuited. Also due to the short circuit,
the 5-() resistor. the voltage source, and the dependent current source

are all in parallel. Hence. i, = 0. At node a. i, = 55 = 0.2 A. and




a
G_
ise = Iy Y
o— To find 7. we short-circuit terminals ¢ and b and find the current
b isc. as indicated in Fig. 4.44(b). Note from this figure that the 4-()

resistor, the 10-V voltage source, the 5-() resistor, and the dependent
current source are all in parallel. Hence,

10
i =—=25A
4

At node a, KCL gives
10
ise =?+ 2i, =2+ 2125 =T7A

Thus.



Experimental Procedure

The Norton current 1s measured in the same way as described for the
short-circuit current (/) for the Thévenin network. Since the Norton and
Thévenin resistances are the same, the same procedures can be followed

as described for the Thévenin network.



9.5 MAXIMUM POWER TRANSFER THEOREM

When designing a circuit, it 1s often important to be able to answer one
of the following questions:

What load should be applied to a system to ensure that the load is
receiving maximum power from the system?



Fortunately, the process of finding the load that will receive maximum
power from a particular system 1s quite straightforward due to the

maximum power transfer theorem, which states the following:

A load will receive maximum power from a network when its

resistance is exactly equal to the Thévenin resistance of the network

applied to the load. That is,

R,

R Th

(9.2)

In other words, for the Thévenin equivalent circuit in Fig. 9.78, when the
load 1s set equal to the Thévenin resistance, the load will receive maxi-

mum power from the network.



Using Fig. 9.78 with R, = R, the maximum power delivered to the

load can be determined by first finding the current:

] ETH _ ETh _ ETh
’ RTh T RL RTh T RTH ERTh

Then substitute into the power equation:

En \* E%TIRTH
P, = IERL - (—) (RTh) - 5

and P, =

+
TEE&
L °

FIG. 9.78
Defining the conditions for maximum power to a
load using the Thévenin equivalent circuit.

(9.3)



If the load applied is less than the Thévenin resistance, the power to
the load will drop off rapidly as it gets smaller. However, if the applied
load is greater than the Thévenin resistance, the power to the load
will not drop off as rapidly as it increases.

Ry, = Ry =90

I
|
|
I
I
|
I
|
|
I
|
|
I
50 |
|
I
|
|
I
I
|
I
I
|
I
|

| | 1 | | 1 | ] 1 | ] 1 | ] 1 | | 1 | ] | 1 .-
0 5 9 10 15 20 25 30 R, ()
Ry

FIG. 9.80
P; versus By for the network in Fig. 9.79.
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FIG. 9.81
P; versus Ry for the network in Fig. 9.79.



The total power delivered by a supply such as Eyy, is absorbed by both
the Thévenin equivalent resistance and the load resistance. Any
power delivered by the source that does not get to the load is lost to
the Thévenin resistance.

Under maximum power conditions, only half the power delivered by the
source gets to the load. Now. that sounds disastrous, but remember that
we are starting out with a fixed Thévenin voltage and resistance, and the
above simply tells us that we must make the two resistance levels equal
if we want maximum power to the load. On an efficiency basis, we are
working at only a 50% level, but we are content because we are getting
maximum power out of our system.

The dc operating efficiency is defined as the ratio of the power deliv-
ered to the load (P;) to the power delivered by the source (P,). That is,

P,
n% =5 X 100% (9.4)

3

For the situation where R; = R4,

IR Ry,

R
%X 100% = —= X 100% = %X 100%

n% =
E T Ry Ry + Ry,
Ry 1

= — X 100% = — X 100% = 50%

2Ry, 2
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Approaches 100%

FIG. 9.82

Efficiency of operation versus increasing values of R;.

R, (1)



For the circuit in Fig. 9.79, if we plot the efficiency of operation ver-
sus load resistance, we obtain the plot in Fig. 9.82, which clearly shows
that the efficiency continues to rise to a 100% level as R; gets larger. Note
in particular that the efficiency is 50% when R; = Ry;,.

To ensure that you completely understand the effect of the maximum
power transfer theorem and the efficiency criteria, consider the circuit in
Fig. 9.83 where the load resistance is set at 100 {) and the power to the
Thévenin resistance and to the load are calculated as follows:

E 60 V 60 V
[ =—2 = = = 550.5 mA
Rp+ R, 9Q+1000Q 1090Q
with Pp. = IRy = (5505 mA)*(9 Q) =273 W
and P, = IR, = (550.5 mA)*(100 Q1) = 30.3 W

The results clearly show that most of the power supplied by the bat-
tery is getting to the load—a desirable attribute on an efficiency basis.
However, the power getting to the load is only 30.3 W compared to the
100 W obtained under maximum power conditions. In general, therefore,
the following guidelines apply:

If efficiency is the overriding factor, then the load should be much
larger than the internal resistance of the supply. If maximum power
transfer is desired and efficiency less of a concern, then the
conditions dictated by the maximum power transfer theorem should

ho annlied

Power flow

Wy )"

T R; §1mn

FIG. 9.83
Examining a circuit with high efficiency but a
relatively low level of power to the load.



In all of the above discussions, the effect of changing the load was dis-
cussed for a fixed Thévenin resistance. Looking at the situation from a
different viewpoint,

if the load resistance is fixed and does not match the applied
Thévenin equivalent resistance, then some effort should be made (if
possible) to redesign the system so that the Thévenin equivalent
resistance is closer to the fixed applied load.

In other words, if a designer faces a situation where the load resistance is
fixed, he/she should investigate whether the supply section should be re-
placed or redesigned to create a closer match of resistance levels to pro-
duce higher levels of power to the load.

For the Norton equivalent circuit in Fig. 9.84, maximum power will
be delivered to the load when

R, = Ry (9.5)

This result [Eq. (9.5)] will be used to its fullest advantage in the analysis
of transistor networks, where the most frequently applied transistor cir-
cuit model uses a current source rather than a voltage source.

For the Norton circuit in Fig. 9.84,

IRy
P.=="73| W (9.6)

_n
Iy RN§ g' R, =Ry

FIG. 9.84
Defining the conditions for maximum power to a
load using the Norton equivalent circuit.



Find the value of R; for maximum power transfer in the circuit of
Fig. 4.50. Find the maximum power.

12V (D 12 Q

Figure 4.50
For Example 4.13.



We need to find the Thevenin resistance R, and the Thevenin voltage
Vrn across the terminals a-b. To get Ryy,, we use the circuit in Fig. 4.51(a)
and obtain

6 X 12

Rpy=2+3+6]|12=5+ r =90

6 30 20 6Q 30 2Q

—AMW MM ——AMA—0 AW MWW AMM—0
_|_
R
§1z§1 - 12v (%) @ §129 @ O S
o o
(a) (b)

Figure 4.51
For Example 4.13: (a) finding Rpy,. (b) finding Vy,.



To get V. we consider the circuit in Fig. 4.51(b). Applying mesh
analysis gives

—12 4+ 181, — 12, =0, i,=—2A

Solving for 7,. we get i, = —2/3. Applying KVL around the outer loop
to get Vy, across terminals a-b, we obtain

—12+ 60, + 35, +2(0) + Vi =0 = V=22V

For maximum power transfer. 6 Q 30 20
—"".,.-""-,.-""-,.""'-,. A -.-""-.-'i"-.""‘.. ﬁ'-.""‘-.-'r". "". '
R; =Ry, =90 L 1 N
_ _ 12V (2 (;_1) =120 (4 2A Vi
and the maximum power is - < -
2 o
w22 s w
4R, I (®)

Pmax = Yyp " 4% 9



EXAMPLE 9.17 Given the network in Fig. 9.88, find the value of R, for

maximum power to the load, and find the maximum power to the load.

R, IEI
AM—Il—
34 68 V
IG)E-A R, 100 2k
R."l
Wy O
= 20
FIG. 9.88

Example 9.17.
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Ry =R +R,+R,=30+100+2Q=150



-V, =0V + so that R, = Ry =154}

f i
] = |
“—m |I . . The Thévenin voltage 1s determined using Fig. 9.90, where
I_
- Ry =34 +4_'!.EV B Vi=V;=0V and V,=LR,=IR,=(6A)I0{) =60V
h= C,) +"2 R, = 1082 Epp Applying Kirchhoff’s voltage law:
oA ] T"=‘5""‘ =) + —V,—E+Ep=0
= m%ﬂ * and Ep,=V,+E=60V +68V =128V
+ V3 =0V -

with the maximum power equal to

FIG. 9.90 E('%‘h - (128 V]E

Determining Eyy, for the network external to resistor

P, = = = 27307 W
R, in Fig. 9.88. " 4Ry 4(15kQ)




EXAMPLE 9.15 The analysis of a transistor network resulted in the re-
duced equivalent in Fig. 9.86.

d.

b.

Find the load resistance that will result in maximum power transfer
to the load, and find the maximum power delivered.

If the load were changed to 68 k{), would you expect a fairly high level
of power transfer to the load based on the results of part (a)? What
would the new power level be? Is your initial assumption verified?
If the load were changed to 8.2 k{), would you expect a fairly high
level of power transfer to the load based on the results of part (a)? What
would the new power level be? Is your imitial assumption verified?

)mm RE§4HI¢{1 §RL

[
I
_L &




a. Replacing the current source by an open-circuit equivalent results in

RTJ‘! - R_.g = 40 k()

Restoring the current source and finding the open-circuit voltage at

the output terminals results in

Ep =V, = IR, = (10 mA)40 k) = 400 V

For maximum power transfer to the load,
R; = Ry, = 40 k)
with a maximum power level of

E} (400 V)?

FI — f— —
bes ARy, 4(40 k()




b. Yes, because the 68 k() load is greater (note Fig. 9.80) than the
40 k() load, but relatively close in magnitude.

E, 400 V 400
— = = - = 3? mA
Ry, + R, 40k + 68kQ 108 k2

P, = I7R, = (3.7 mA)*(68 kQ = 0.93 W

[y

Yes, the power level of 0.93 W compared to the 1 W level of part (a)
verifies the assumption.
c. No, 8.2 k{) 1s quite a bit less (note Fig. 9.80) than the 40 k{} value.
Enp, 400 V 400 V

I, = = = = 8.3 mA
L™ Ry, + R, 40kQ + 82k 482kQ -

P, = IR, = (83 mA)*(8.2k) = 0.57 W

Yes, the power level of 0.57 W compared to the 1 W level of part (a)
verifies the assumption.



Determine the value of R; that will draw the maximum power from
the rest of the circuit in Fig. 4.52. Calculate the maximum power.

Answer: 4.22 (). 2.901 W.

Practice Problem 4.13

20 4Q
+t oy -
1Q
oV Ry
31y
Figure 4.52

For Practice Prob. 4.13.
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